The transport of dense particles by a turbulent flow depends on two dimensionless numbers. Depending on the ratio of the shear velocity of the flow to the setting velocity of the particles (or the Rouse number), sediment transport takes place in a thin layer localised at the surface of the sediment bed (bed-load) or over the whole water depth (suspendedload). Moreover, depending on the sedimentation Reynolds number, the bed-load layer is embedded in the viscous sub-layer or is larger. We propose here a two-phase flow model able to describe both viscous and turbulent shear flows. Particle migration is described as resulting from normal stresses, but is limited by turbulent mixing and shear-induced diffusion of particles. Using this framework, we theoretically investigate the transition between bed-load and suspended-load.
Introduction
When a sedimentary bed is sheared by a water flow of sufficient strength, the particles are entrained into motion. In a homogeneous and steady situation, the fluid flow can be characterised by a unique quantity: the shear velocity u * . The flux of sediments transported by the flow is an increasing function of u * , for which numerous transport laws have been proposed, both for turbulent flows (Meyer-Peter & Müller, 1948; Einstein, 1950; Bagnold, 1956; Yalin, 1963; van Rijn, 1984; Ribberink, 1998; Camemen & Larson, 2005; Wong & Parker, 2006; Lajeunesse et al., 2010) and laminar flows (Charru & Mouilleron-Arnould, 2002; Cheng, 2004; Charru et al. 2004 , Charru & Hinch 2006 . Despite a wide literature, some fundamental aspects of sediment transport are still partly understood. For instance, the dynamical mechanisms limiting transport, in particular the role of the bed disorder (Charru, 2006) and turbulent fluctuations (Marchioli et al., 2006; Le Louvetel-Poilly et al., 2009) , remain a matter of discussion. Also, derivations of transport laws have a strong empirical or semi-empirical basis, thus lacking more physics-related inputs. Here we investigate the properties of sediment transport using a two-phase continuum description. In particular, we examine the transition from bed-load to suspension when the shear velocity is increased.
A classical reference work for two-phase continuum models describing particle-laden flows, is the formulation of Anderson & Jackson (1967) , later revisited by Jackson (1997) . With this type of description, Ouriemi et al. (2009) and Aussillous et al. (2013) have addressed the case of bed-load transport in laminar sheared flows. Similarly, RevilBaudard & Chauchat (2012) have modeled granular sheet flows in the turbulent regime.
In their description, these authors decompose the domain into two layers. An upper 'fluid layer' where only the fluid phase momentum equation is solved, and a lower 'sediment bed layer' where they apply a two-phase description. Inspired from these works, we propose in this paper a general model which is able to describe sediment transport both in the laminar viscous regime and in the turbulent regime, and which does not require to split the domain into several layers.
A lot of emphasis has been put in the literature on the process of averaging the equations of motion and defining stresses (Jackson 2000) . However, an important issue beyond the averaging problem is how to close the equations consistently with observations. Here, the closure for the fluid phase is described by a Reynolds dependent mixing length that has been recently proposed in direct numerical simulations of sediment transport (Durán et al., 2012) . In the same spirit as the three above cited works, the granular phase is described by a constitutive relation based on recent developments made in dense suspension and granular flows (GDR MIDI, 2004; Cassar et al., 2005; Jop et al., 2006; Forterre & Pouliquen, 2008; Boyer et al., 2011; Andreotti et al. 2012; Trulsson et al. 2012; Lerner et al. 2012) . Our model then takes into account both fluid and particle velocity fluctuations.
The paper is constructed as follows. In section 2, we describe our two-phase model, putting emphasis on the novelties we propose with respect to the previous works, namely the introduction of a Reynolds stress and particle diffusion induced both by turbulent fluctuations and by the motion of the particles themselves. The section 3 is devoted to the study of homogeneous and steady transport, simplifying the equations under the assumption of a quasi-parallel flow. The results of the model integration are presented in section 4. We discuss the evolution of the velocity, stress and concentration profiles when the shear velocity is increased, as well as the transport law. We end the paper with a summary and draw a few perspectives.
Two-phase model

Continuity equation
We define the particle volume fraction φ so that 1 − φ is the fraction of space occupied by the fluid. We respectively denote u p i and u f i , the particle and fluid Eulerian velocities. We assume incompressibility for both granular and fluid phases: the densities ρ p et ρ f are considered as constant. Furthermore, we assume that correlated fluctuations of velocity and volume fraction lead to an effective diffusion of particles of coefficient D. The continuity equation then reads:
1)
where the right hand term is a particle flux resulting from Reynolds averaging and equal to the mean product of velocity and volume fraction fluctuations. We will propose later on a closure for the diffusion coefficient D. As from now, it is important to underline that two types of velocity fluctuations will be taken into account: (i) those induced by the shearing of the grains, which are associated to the large non-affine displacements of particles in the dense limit and (ii) those induced by turbulent velocity fluctuations. The introduction of this term corrects a major flaw of previously proposed two-phase models. Whenever particle-borne stresses tend to create a migration of particles, diffusion counteracts and tends to homogenize φ. The formulation chosen assumes that the ensemble composed by the particles and the fluid is globally incompressible and does not diffuse: adding (2.1) and (2.2), one simply gets a relation between Euler velocities for the two phases:
Equations of motion
The equations of motion are simply written as two Eulerian equations expressing the conservation of momentum for each phase
The force density f i couples the two equations and represents the average resultant force exerted by the fluid on the particles. g i is the gravity acceleration. σ 
Force exerted by one phase on the other
The standard hypothesis, introduced by Jackson (2000) , is to split the force density f exerted by the liquid on the solid into a component due to the Archimedes effect -the resultant force exerted on the contour of the solid, replacing the later by liquid -and a drag force due to the relative velocity of the two phases. We write this force under the form
where u r = u f − u p is the relative velocity and d is the grain size. The drag coefficient C d is a function of the grain based Reynolds number R defined by
using the fluid kinematic viscosity ν. We write the drag coefficient under the convenient phenomenological form
to capture the transition from viscous to inertial drag (Ferguson & Church, 2004) . Both C ∞ and s a priori depend on φ. However, for the sake of simplicity, we will neglect this dependence and consider that s is on the order of ≃ √ 24 ≃ 5, as in the dilute limit. Similarly, we will take a constant asymptotic drag coefficient C ∞ equal to 1.
After inserting the expression of f i , the equations of motion modify into :
(2.9)
Fluid constitutive relation
In order to close the equations, one needs to express the stress tensors. For the fluid, we choose a local isotropic constitutive relation which allows us to recover the well-known regimes:
The effective viscosity η eff takes into account both the molecular viscosity and the mixing of momentum induced by turbulent fluctuations. The Reynolds stress is modeled using a Prandtl mixing length closure, which works fine for turbulent shear flows:
where ℓ is the mixing length and |γ f | the typical mixing rate. For the sake of simplicity, we neglect the influence of particles on the fluid effective rheology. This equation can be easily generalized to include a multiplicative factor (1 + 5φ/2) in front of the viscosity ν. The Einstein viscosity is then recovered in the limit of dilute suspensions. Even close to the jamming transition, the effective fluid viscosity remains finite; the presence of particles only adds new solid boundary conditions and therefore reduces the fraction of volume where shear is possible. The dominant effect actually results from particle interactions, as discussed below. We have checked that the Einstein correction can be safely ignored for the description of sediment transport.
In the fully developed turbulent regime, far from the sand bed, the mixing length ℓ is proportional to the distance z to the bed. Conversely, in the viscous regime, below some Reynolds number R t , there is no velocity fluctuation so that ℓ must vanish. A common phenomenological approach (van Driest's model for instance, see van Driest (1956) or Pope (2000)) is to express the turbulent mixing length as a function of the Reynolds number and z. However, this imposes to define an interphase between the static and mobile zones, below which ℓ must vanish. To avoid the need of such a somewhat arbitrary definition, we propose instead a differential equation
where κ ≃ 0.4 is the von Kármán constant and the dimensionless parameter R t ≃ 7 is determined to recover the experimental 'law of the wall'. The ratio u f ℓ/ν is the local Reynolds number based on the mixing length. Note that a function other than the exponential can in principle be used, provided it has the same behavior in 0 and −∞, although the present choice provides a quantitative agreement with standard data (Durán et al., 2012) . This formulation allows us to define ℓ both inside and above the static granular bed.
Granular constitutive relation
For the granular phase, we first decompose the stress tensor into pressure P p and deviatoric stressσ p : σ
As introduced by Ouriemi et al. (2009) , we write the constitutive relation as a simple friction law:
(2.14)
The equality becomes an inequality i.e. a Coulomb failure criterion for a static bed, for which |γ p | = 0. The friction coefficient µ decreases with the volume fraction φ. Here we use a linear expansion around jamming (φ = φ c ):
with µ c = 0.5 and µ ′ c = 0.1 Following recent experimental and numerical results, the granular viscosity is written as:
where ψ(φ) diverges at the critical volume fraction φ c like
where υ is a numerical constant. The experimental values are approximately φ c = 0.615 and υ = 2.1 (Ovarlez et al., 2006; Bonnoit et al., 2010) . Note however that the results presented here have been computed for φ c = 0.64 and υ = 1. Close to jamming, mechanical properties of dense suspensions are related to the contact network geometry (Wyart et al. 2005; van Hecke, 2010; Lerner et al., 2012) and not to long range hydrodynamic interactions as in the dilute limit. The statistical properties of grain trajectories and in particular their cooperative non-affine motions are mostly controlled by the volume fraction φ, whatever the nature of the dissipative mechanisms . To move by a distance as the crow flies equal to its diameter d, a grain makes a random-like motion whose average length diverges as ∼ d(φ c − φ) −1 , leading to a stress tensor diverging as ψ(φ) ∼ (φ c − φ) −2 (Boyer et al., 2011; Andreotti et al., 2012; Trulsson et al., 2012; Lerner et al., 2012) . Numerical simulations have furthermore suggested that the function µ(φ) does not depend on the microscopic interparticle friction coefficient nor on the flow regime (overdamped or inertial), see Fig. 1 . However, the critical volume fraction φ c does depend on this microscopic interparticle friction coefficient. This constitutes the most important consequence of having lubricated quasi-contacts rather than true frictional ones.
Here again, we argue for the simplicity of the asymptotic expression of ψ(φ) to use it, even in the dilute limit. The model could be easily generalized to a more complex choice for ψ(φ). We have checked that the results presented here do not depend much on such refinements.
Diffusion
Beside convective transport associated with the mean flow, velocity fluctuations lead to a mixing of particles and tend to homogenize the volume fraction φ. We model these effects by two diffusive terms. The first is associated to turbulent fluctuations. Turbulent Figure 1 . Calibration of the functions µ(φ) and ψ(φ) in a 2D numerical simulation taking into account viscous drag, inertia, contact force, solid friction and lubrication forces (Trulsson et al., 2012) . The different colors correspond to different values of the Stokes number ρpd 2 |γ p |/ρ f ν, which characterizes the relative amplitude of the two terms in Eq. 2.16. diffusivity is usually found to scale on the turbulent viscosity and is thus proportional to ℓ 2 |γ f |. The second source of diffusion is the non-affine motion of particles in the dense regime. The particle induced diffusivity therefore scales as d 2 |γ p |ψ(φ). Adding the two contributions, the diffusion coefficient reads
The constant Sc is called the turbulent Schmidt number and lies in the range 0.5-1 (Coleman 1970; Celik & Rodi 1988; Nielsen 1992) . We have introduced here a second phenomenological constant S φ , that we take equal to 1.
Homogeneous steady transport
Dimensional analysis
We now apply the two phase flow model to the description of sediment transport. In this article, we will limit ourselves to the analysis of saturated transport over a flat bed, for which both phases are in a steady homogenous state. In the following, we will keep the equations dimensional. It is still interesting to perform the dimensional analysis of the problem. We will consider that the characteristic length is set by the grain diameter d, that the characteristic density is given by ρ f , and that (ρ p − ρ f )gd provides the characteristic stress. Besides the constant of the model, there are two control parameters and therefore two dimensionless numbers. The first, called the Shields number, is the rescaled shear stress:
It compares the fluid-borne shear stress to the buoyancy-free gravity. The second parameter is based on the kinematic viscosity ν of the fluid. Combining this viscosity with gravity, one builds the viscous diameter: 
Quasi-parallel flow assumption
We consider a flat sand bed homogeneous along the x axis. The continuity equation then reads:
It expresses the balance between the convective flux associated with the downward particle motion and the turbulent diffusive flux. As they are related by the continuity equation, the vertical velocities can be expressed as functions of their relative velocity u Making use of the homogeneity along x, the vertical equations of motion simplify into
One can eliminate the fluid normal stress σ f zz between these two equations and, under the quasi-parallel flow assumption, neglect the LHS inertial terms, leading to:
In the dense regime, this equation reduces to the hydrostatic equation. In the dilute regime, the particle normal stress vanishes and the vertical velocity tends to the settling velocity (see Eq. 3.19 below). The horizontal equations of motion read:
Under the quasi parallel flow assumption, LHS inertial terms can be again neglected and these equations lead to:
Due to an overall conservation of the momentum flux, the total stress σ p xz + σ f xz is a constant, noted τ . It can be identified to the fluid shear stress far from the bed, where the particle borne shear stress vanishes. We also introduce the shear velocity u * , related to the total stress by:
Under the quasi-parallel flow assumption, the strain rate modulus is simply the shear rate:
(3.9)
The fluid and particle constitutive relation then simply write
which must be complemented, when the granular phase is unjammed, by the frictional relation |σ
Combining the vertical and horizontal equations of motion, one gets an equation relating the derivative of the volume fraction to the vertical velocity:
Combining it with Eq. (3.3), which involves the same quantities, one can deduce u r z and dφ/dz
Static bed
We define z = 0 as the position at which the Coulomb criterion is reached, so that, for z < 0, the bed is strictly static i.e. the grain velocity is exactly null (u p x = 0 and u p z = 0). Right at z = 0, the volume fraction reaches the critical volume fraction φ c . Assuming that there is no hysteresis of friction, we get for z < 0: The equations describing the fluid in the bed then simplify into:
Deep inside the static bed, the fluid velocity u f tends to 0, and one gets the asymptotic solution in the limit z → −∞:
The flow velocity thus decays over a distance which is a fraction of the grain diameter. U is a shooting parameter that is determined by the matching with the velocity far above the bed. In the same limit, the mixing length equation can be approximated by:
As ℓ must vanish when z → −∞, we get the asymptotic expression:
3.4. Dilute zone When z tends to +∞, the volume fraction φ, the horizontal component of the relative velocity u r x and the grain-borne shear stress σ p xz all tend to zero. As a consequence, the vertical velocity u r z = −u p z = V fall is the settling velocity defined by: 
Using the asymptotic expression of the diffusivity D ∼ κu * (z + z 0 )/Sc and the velocity u r z ∼ V fall , the continuity equation integrates into:
The shooting parameter φ 0 is selected by the asymptotic expressions derived inside the static bed. β is known as the Rouse number.
Results
The equations governing the evolution of u water, this value corresponds to a mean diameter of d ≃ 180µm. For the shear velocities we have considered (see caption of Fig. 2) , the viscous length ν/u * is a fraction of the grain diameter: in the range 0.14-0.33d. As shown below, this is small in comparison to size of the transport layer (typically 5-20d), so that the curves we present here correspond to transport in the turbulent regime.
Varying systematically the shear velocity or, equivalently, the Shields number, we find that the asymptotic conditions on both sides cannot be matched (i.e. there is no solution) below a threshold value u th ≃ 0.2 ρp ρ f − 1 gd. Experimentally, a similar dimensionless threshold velocity is found, though slightly larger, equal to 0.26 (see and references therein). Figure 2 shows the volume fraction vertical profiles φ(z) in log-log and lin-lin scales. Close to the static sand bed, grains are transported in a rather dense layer whose thickness increases with u * . This corresponds to a form of bed load were several granular layers are entrained (sheet flow). Far from the static bed, the volume fraction decreases as a power law of height, as expected (Eq. 3.21). Figure 3 shows the vertical profile of the grain-borne and the particle-borne shear stresses for five values of u * . The sum of σ p xz and σ f xz is constant, equal to ρ f u 2 * . Far above the static bed the whole shear stress is carried by the fluid. Furthermore, close to the static bed, it is carried by the grains and transmitted through contact forces. The transfer of momentum flux from the fluid to the particles occurs at the top of the bed load layer. One observes in Figure 4a ) a peak in the profile of the horizontal velocity difference u r x , whose position increases with u * . This relative velocity between the two phases is associated with a horizontal drag force: the momentum flux serves to balance friction and entrain the particles from the bed into motion. Figure 4b) shows the vertical velocity profile. As expected, it tends to the settling velocity V fall above the bed load layer. Inside the bed-load layer, one observes that u r z is still large, which means that there is a balance between pressure-induced migration and shear-induced diffusion.
The fluid velocity profile u f x (z) (see Figure 5 ) is, as expected, logarithmic far above the static bed, but is strongly reduced in the dense transport layer: when particles are accelerated by the flow, the flow, in turn, is decelerated. This negative feedback mechanism takes place over a thicker and thicker region, as u * increases, which coincides with the transport layer.
The average sediment transport at the altitude z is characterized by the product of the volume fraction φ by the particle velocity u Figure 6 shows that φu p x presents a peak at the top of the bed load layer, followed by a tail associated with the dilute turbulent suspension. The total sediment flux is obtained by integration over the vertical direction:
By definition it quantifies the volume of grain crossing a unit length transverse to the flow per unit time. The mass flux is ρ p q and the volumetric flux at the bed volume fraction is q/φ c . Figure 7a ) shows the dependence of the sediment flux q on the Shields number Θ. It vanishes below the threshold Shields number Θ th and beyond, it increases with Θ. It diverges at the Shields number Θ m for which the Rouse number β reaches 1. In real conditions, the total sediment flux does not diverge at Θ m because it is limited by the finite flow thickness. We have kept here an unbounded flow in order to highlight the transition to a turbulent suspension.
Integrating the asymptotic expressions obtained far from the sediment bed, we can deduce the contribution of turbulent suspension to the sediment flux:
One observes in Figure 7a ) that the suspended load (dashed line) indeed becomes dominant around the inflection point of the curve q(Θ). In order to determine precisely the contribution q bl of bed-load to the total flux, we have integrated the equations in the limit of infinite turbulent Schmidt number Sc, i.e. without any diffusion of particles resulting from turbulent fluctuations. We have checked that q bl + q sus accurately gives q. The bed load contribution is dominant at low shear velocity. It is extremely well fitted by a Meyer Peter-Muller-like relation: For the parameters chosen in this paper, the best fit gives a threshold shear velocity u th ≃ 0.19
− 1 gd and equivalently a threshold Shields number Θ th ≃ 0.37.
Amongst the novel aspects of our approach, we are able to predict the effective erosion rate seen by the turbulent suspension or, more precisely, the rate at which the bed load particles are injected in this suspension. Figure 8a) shows the parameters extracted from the asymptotic expansions in the upper zone. The apparent basal volume fraction φ 0 is defined from Eq. (3.21). It increases rapidly and saturates to a value of order 1 at the suspension threshold. Figure 8b) shows the hydrodynamic roughness. In the absence of transport, z 0 decreases as ν/u * . At the transport threshold, it suddenly increases by one order of magnitude before dropping again when suspension becomes dominant. As this quantity can be accessed experimentally at a distance from the bed, it could be used to show the existence of a negative feedback of sediment transport on the flow, in the turbulent regime.
Concluding remarks
The two-phase flow model derived here is an extension of models previously proposed to describe dense viscous flows and turbulent suspensions. We have added two novelties with respect to these works: the description of dense flows at large Stokes numbers and the diffusion of particles induced by non-affine motion. This last effect turns out to be extremely important, as it counteracts particle migration. Although qualitatively discussed in the literature (Fall et al., 2010) , this effect had never been modeled so far. Future work will have to calibrate this diffusive term (the factor S φ ), and to test it against experimental results obtained using heterogeneous shear flows (Bonnoit et al., 2010) .
From the point of view of sediment transport, the two-phase flow model derived here is able to describe all regimes: viscous and turbulent, bed-load and suspension. Regarding bed-load, we have relaxed one hypothesis used in previous models: the volume fraction is not assumed to be homogeneous, equal to φ c , in the bed-load layer. On the opposite, we predict that the sediment transport layer is rather dilute, with a volume fraction profile continuously decreasing to 0 away from the static bed. At large shear velocity, when the sediment transport mostly takes place in suspension, our model is able to predict the erosion/deposition rate into the bulk from the equations of mechanics, by matching to the bed load zone. One does not have to introduce a phenomenological erosion rate, balanced by sedimentation, as in previous models of turbulent suspension. Future work will have to test and calibrate this erosion/deposition model, which sensitively depends on the particle shear induced diffusion.
With this two-phase description, we recover the scaling law proposed phenomenologically by Meyer Peter-Muller for bed-load transport. However, one expects the model to become inaccurate close to the transport threshold, were the sparse mobile grains hardly constitute an eulerian phase. The analysis of forces and torques on a single grain ) seem to provide a better understanding of the transport threshold than the continuum modeling, where the grain size appears indirectly in the decay of the flow velocity inside the static bed. If a fine tuning of parameters could improve the agreement of the model with observations in this range of velocities, it may well be that the dynamics is actually dominated by fluctuations (of the bed surface structure in particular), and could therefore not be described in a mean field manner.
On the opposite, we expect the two-phase approach to provide an accurate description of the transition from bed load to suspension. It can therefore be directly applied to different problems of river morphodynamics like the formation of ripples, alternate bars and meanders by linear instability (for reviews, see Charru et al (2013) and , as well as references therein). Beside the expression of the saturated flux, function of the shear velocity, morphodynamical models must incorporate two important dynamical mechanisms: the dependence of sediment transport on the bed slope and the relaxation of the sediment flux towards saturation. We expect such a two-phase modeling to provide some clues to resolve ongoing controversies on the emergence of bed forms.
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